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MINIMAL MODEL THEORY FOR RELATIVELY
TRIVIAL LOG CANONICAL PAIRS
KENTA HASHIZUME
Abstract. We study relative log canonical pairs with relatively
trivial log canonical divisors. We fix such a pair (X,∆)/Z and
establish the minimal model theory for the pair (X,∆) assuming
the minimal model theory for all Kawamata log terminal pairs
whose dimension is not greater than dimZ. We also show the
finite generation of log canonical rings for log canonical pairs of
dimension five which are not of log general type.
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1. Introduction
Throughout this paper we work over C, the complex number field.
In the minimal model theory for higher-dimensional algebraic vari-
eties, one of the most important problems is the existence of a good
minimal model or a Mori fiber space for log pairs. In this paper we
only deal with the case when the boundary divisor is a Q-divisor.
Conjecture 1.1. Let (X,∆) be a projective log canonical pair such
that ∆ is a Q-divisor. If KX +∆ is pseudo-effective then (X,∆) has a
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good minimal model, and if KX+∆ is not pseudo-effective then (X,∆)
has a Mori fiber space.
Conjecture 1.1 for log canonical threefolds is proved by Kawamata,
Kolla´r, Matsuki, Mori, Shokurov and others. Conjecture 1.1 for Kawa-
mata log terminal pairs with big boundary divisors is also proved by
Birkar, Cascini, Hacon and McKernan [BCHM]. But Conjecture 1.1 is
still open when the dimension is greater than three.
An interesting case of Conjecture 1.1 is when (X,∆) is a relative log
canonical pair whose log canonical divisor is relatively trivial. The sit-
uation is a special case of lc-trivial fibration, which is expected to play
a crucial role in inductive arguments. For example, Ambro’s canonical
bundle formula for Kawamata log terminal pairs, which is proved by
Ambro [A], gives an inductive argument. On any klt-trivial fibration
(X,∆) → Z, which is a special case of lc-trivial fibration, Conjecture
1.1 for (X,∆) can be reduced to Conjecture 1.1 for a Kawamata log
terminal pair on Z by the canonical bundle formula. Ambro’s canon-
ical bundle formula is expected to hold for log canonical pairs in full
generality but it is only partially solved (cf. [F5], [FG1] and [FG3]).
In this paper we establish an inductive argument for log canonical
pairs in the above situation. The following is the main result of this
paper.
Theorem 1.2. Fix a nonnegative integer d0, and assume the existence
of a good minimal model or a Mori fiber space for all d-dimensional
projective Kawamata log terminal pairs with boundary Q-divisors such
that d ≤ d0.
Let π : X → Z be a projective surjective morphism of normal projec-
tive varieties such that dimZ ≤ d0, and let (X,∆) be a log canonical
pair such that ∆ is a Q-divisor. Suppose that KX +∆ ∼Q, Z 0.
Then (X,∆) has a good minimal model or a Mori fiber space.
The following theorem follows from Theorem 1.2.
Theorem 1.3. Let (X,∆) be a projective log canonical pair such that
∆ is a Q-divisor and the log Kodaira dimension κ(X,KX +∆) is non-
negative. Let F be the general fiber of the Iitaka fibration and (F,∆F )
be the restriction of (X,∆) to F . Suppose that (F,∆F ) has a good
minimal model.
If (X,∆) is Kawamata log terminal or κ(X,KX + ∆) ≤ 4, then
(X,∆) has a good minimal model.
As a corollary of Theorem 1.3, we have
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Corollary 1.4. Let (X,∆) be a projective log canonical pair such that
dimX = 5 and ∆ is a Q-divisor. If (X,∆) is not of log general type,
then the log canonical ring R(X,KX + ∆) is a finitely generated C-
algebra.
We recall some previous results related to Theorem 1.2, Theorem
1.3 and Corollary 1.4. In [GL], Gongyo and Lehmann established an
inductive argument for Q-factorial Kawamata log terminal pairs (X,∆)
with a contraction f : X → Z such that ν((KX + ∆)|F ) = 0, where
ν( · ) is the numerical dimension and F is the general fiber of f . More
precisely, in the situation, they proved existence of a Kawamata log
terminal pair (Z ′,∆Z′) such that Z
′ is birational to Z and (X,∆) has
a good minimal model if and only if (Z ′,∆Z′) has a good minimal
model. On the other hand, Birkar and Hu [BH] proved existence of
a good minimal model for log canonical pairs (X,∆) when KX + ∆
is the pullback of a big divisor on a normal variety whose augmented
base locus does not contain the image of any lc center of (X,∆). In
particular they proved existence of a good minimal model for all log
canonical pairs (X,∆) when KX + ∆ is big and its augmented base
locus does not contain any lc center of (X,∆). On the other hand,
Lai [L] proved Theorem 1.3 in the case when X has at worst terminal
singularities and ∆ = 0. Related to Corollary 1.4, Fujino [F2] proved
the finite generation of log canonical rings for all log canonical fourfolds.
In the klt case, Birkar, Cascini, Hacon and McKernan [BCHM] proved
the finite generation of log canonical rings in all dimensions.
In Theorem 1.2, the case when X = Z implies equivalence of Con-
jecture 1.1 for Kawamata log terminal pairs and Conjecture 1.1 for log
canonical pairs (see also [FG4]). If (X,∆) is Kawamata log terminal,
then Theorem 1.2 follows from Ambro’s canonical bundle formula for
Kawamata log terminal pairs (cf. Proposition 4.1). But since we do
not assume that (X,∆) is Kawamata log terminal, we can not use the
canonical bundle formula directly. We also note that we do not have
any assumptions about lc centers of (X,∆) in Theorem 1.2. We hope
that Theorem 1.2 will play an important role in inductive arguments
for the minimal model program.
We outline the proof of Theorem 1.2. We prove Theorem 1.2 by
induction on d0. Note that we can assume KX +∆ is pseudo-effective.
First we take a special dlt blow-up of (X,∆) so that ∆ = ∆′ + ∆′′
where ∆′′ is a reduced divisor or ∆′′ = 0 and all lc centers of (X,∆′)
dominate Z. Next we replace π : (X,∆) → Z so that Z is Q-factorial
and KX + ∆
′ ∼Q, Z 0. Then we can apply Ambro’s canonical bundle
formula to (X,∆′), and if we write KX + ∆ ∼Q π
∗D, we can run the
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D-MMP with scaling. When ∆′′ = 0 (in particular when (X,∆) is klt),
a good minimal model for D exists and we can show the existence of a
good minimal model of (X,∆) by using it. For details, see Section 4.
When ∆ 6= 0, we divide into three cases. In any case, we can check that
for any sufficiently small rational number u > 0 the pair (X,∆− u∆′′)
has a good minimal model or a Mori fiber space. For example, assume
(X,∆ − u∆′′) has a good minimal model and D is not big, where D
satisfies KX +∆ ∼Q π
∗D. This situation is one of the three cases and
other cases are proved similarly. By choosing u sufficiently small, we
can construct a modification (X ′,∆X′)→ Z
′ of (X,∆)→ Z such that
X 99K X ′ is a sequence of finitely many steps of the (KX +∆− u∆
′′)-
MMP to a good minimal model. We can also check that Theorem 1.2
for (X ′,∆X′) → Z
′ implies Theorem 1.2 for (X,∆) → Z. Since D
is not big, the contraction X ′ → W induced by KX′ + ∆X′ − u∆
′′
X′
satisfies dimW < dimZ. Furthermore, by choosing u appropriately,
we can assume X ′ → W satisfies KX′ +∆X′ ∼Q,W 0. Then (X
′,∆X′)
has a good minimal model by the induction hypothesis. Thus we see
that (X,∆) has a good minimal model. For details, see Section 5.
The contents of this paper are the following. In Section 2 we collect
some definitions and notations. In section 3 we introduce the definition
of D-MMP, where D is R-Cartier and not necessarily a log canonical
divisor, and prove some related result. In Section 4 we prove Theorem
1.2 in a spacial case which contains the klt case, and reduce Theorem
1.2 to a special situation. In Section 5 we prove Theorem 1.2. In
Section 6, we prove Theorem 1.3 and Corollary 1.4.
Acknowledgments. The author was partially supported by JSPS
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press his gratitude to his supervisor Professor Osamu Fujino for useful
advice. He thanks Professor Paolo Cascini for a comment about Theo-
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2. Preliminaries
In this section we collect some notations and definitions. We will
freely use the notations and definitions in [KM] and [BCHM] except
the definition of models (see Definition 2.2). Here we write down only
some important notations and definitions, including the notations not
written in [KM] or [BCHM].
Divisors. Let π : X → Z be a projective morphism of normal varieties
and let D =
∑
diDi be a Q-divisor. Then D is a boundary Q-divisor
if 0 ≤ di ≤ 1 for any i. The round down of D, denoted by xDy, is
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∑
xdiyDi where xdiy is the largest integer which is not greater than di.
Suppose that D is Q-Cartier. Then D is called a log canonical divisor
if D is the sum of the canonical divisor KX and a boundary Q-divisor.
D is trivial over Z, denoted by D ∼Q, Z 0, if D is Q-linearly equivalent
to the pullback of a Q-Cartier Q-divisor on Z. D is anti-ample over Z
if −D is ample over Z. In this paper we mean the same definition by
saying that D is trivial (resp. anti-ample) with respect to π. D is semi-
ample over Z if D is a Q≥0-linear combination of semi-ample Cartier
divisors over Z, or equivalently, there exists a morphism f : X → Y to
a variety Y over Z such that D is Q-linearly equivalent to the pullback
of an ample Q-divisor over Z.
For any Q-divisor D on X , we define a sheaf of OZ-algebra
R(X/Z,D) =
⊕
m≥0
π∗OX(xmDy).
We simply denote R(X,D) when Z is a point. If D is a log canonical
divisor, then R(X/Z,D) is nothing but the log canonical ring.
Similarly we can define boundary divisors, log canonical divisors,
triviality over Z, semi-ampleness over Z, and so on for R-divisors.
Let X 99K Y be a birational map of normal projective varieties and
let D be an R-divisor on X . Unless otherwise stated, we mean the
birational transform of D on Y by denoting DY or (D)Y .
Singularities of pairs. Let X be a normal variety and ∆ be an ef-
fective R-divisor such that KX +∆ is R-Cartier. Let f : Y → X be a
log resolution of (X,∆). Then we can write
KY = f
∗(KX +∆) +
∑
i
a(Ei, X,∆)Ei
where Ei are prime divisors on Y and a(Ei, X,∆) is a real number for
any i. Then we call a(Ei, X,∆) the discrepancy of Ei with respect to
(X,∆). The pair (X,∆) is called Kawamata log terminal (klt, for short)
if a(Ei, X,∆) > −1 for any log resolution f of (X,∆) and any Ei on Y .
(X,∆) is called log canonical (lc, for short) if a(Ei, X,∆) ≥ −1 for any
log resolution f of (X,∆) and any Ei on Y . (X,∆) is called divisorial
log terminal (dlt, for short) if ∆ is a boundary R-divisor and there
exists a log resolution f : Y → X of (X,∆) such that a(E,X,∆) > −1
for any f -exceptional prime divisor E on Y .
Next we recall the construction of dlt models. The following theorem
is proved by Hacon.
Theorem 2.1 (Dlt blow-ups, cf. [F3, Theorem 10.4], [KK, Theorem
3.1]). Let X be a normal quasi-projective variety of dimension n and
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let ∆ be an R-divisor such that (X,∆) is log canonical. Then there
exists a projective birational morphism f : Y → X from a normal
quasi-projective variety Y such that
(i) Y is Q-factorial, and
(ii) if we set
Γ = f−1∗ ∆+
∑
E:f -exceptional
E,
then (Y,Γ) is dlt and KY + Γ = f
∗(KX +∆).
We call (Y,Γ) a dlt model of (X,∆).
Next we introduce the definition of some models and the construction
of the log MMP with scaling for Q-factorial log canonical pairs. Our
definition of models is slightly different from the traditional one in [KM]
or [BCHM].
Definition 2.2 (cf. [B2, Definition 2.1] and [B2, Definition 2.2]). Let
π : X → Z be a projective morphism from a normal variety to a variety
and let (X,∆) be a log canonical pair. Let π′ : X ′ → Z be a projective
morphism from a normal variety to Z and φ : X 99K X ′ be a birational
map over Z. Let E be the reduced φ−1-exceptional divisor on X ′, that
is, E =
∑
Ej where Ej are φ
−1-exceptional prime divisors on X ′. Then
the pair (X ′,∆′ = φ∗∆+ E) is called a log birational model of (X,∆)
over Z. A log birational model (X ′,∆′) of (X,∆) over Z is a weak log
canonical model (weak lc model, for short) if
• KX′ +∆
′ is nef over Z, and
• for any prime divisor D on X which is exceptional over X ′, we
have
a(D,X,∆) ≤ a(D,X ′,∆′).
A weak lc model (X ′,∆′) of (X,∆) over Z is a log minimal model if
• X ′ is Q-factorial, and
• the above inequality on discrepancies is strict.
A log minimal model (X ′,∆′) of (X,∆) over Z is called a good minimal
model if KX′ +∆
′ is semi-ample over Z.
A log birational model (X ′,∆′) of (X,∆) over Z is called a Mori
fiber space if X ′ is Q-factorial and there is a contraction X ′ →W over
Z with dimW < dimX ′ such that
• the relative Picard number ρ(X ′/W ) is one and KX′ + ∆
′ is
anti-ample over W , and
• for any prime divisor D over X , we have
a(D,X,∆) ≤ a(D,X ′,∆′)
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and strict inequality holds ifD is a divisor onX and exceptional
over X ′.
Definition 2.3 (The log MMP with scaling, cf. [B2, Definition 2.4],
[F4, 4.4.11]). Let π : X → Z be a projective surjective morphism
from a Q-factorial normal variety to a variety and (X,∆ + C) be a
log canonical pair such that KX + ∆ + C is π-nef, ∆ is a boundary
R-divisor and C is an effective R-divisor. We set X0 = X , ∆X0 = ∆
and CX0 = C and set
λ0 = inf{µ ∈ R≥0 |KX0 +∆X0 + µCX0 is nef over Z}.
If λ0 = 0, we have nothing to do. If λ0 > 0, then there is a (KX0+∆X0)-
negative extremal ray R0 over Z such that (KX0 + ∆X0 + λ0CX0) ·
R0 = 0 by [F3, Theorem 18.9]. Let f0 : X0 → V0 be the extremal
contraction over Z given by R0. If dimV0 < dimX0, then we stop.
Assume dim V0 = dimX0. Then f0 is birational. If f0 is a divisorial
contraction, then set X1 = V0, ∆X1 = f0∗∆X0 and CX1 = f0∗CX0 . If
f0 is a flipping contraction, then there is the flip φ : X0 99K X1 of
f0 over Z by [B2, Corollary 1.2] or [HX, Corollary 1.8], and we set
∆X1 = φ∗∆X0 and CX1 = φ∗CX0 . By construction X1 is Q-factorial.
We set
λ1 = inf{µ ∈ R≥0 |KX1 +∆X1 + µCX1 is nef over Z}.
Then we have λ1 ≤ λ0. If λ1 = 0, we stop the process. If λ1 > 0,
then there is a (KX1 +∆X1)-negative extremal ray R1 over Z such that
(KX1 + ∆X1 + λ1CX1) · R1 = 0. By repeating this process, we get
a non-increasing sequence of nonnegative real numbers {λi}i≥0 and a
sequence of steps of the (KX +∆)-MMP over Z
(X = X0,∆ = ∆X0) 99K (X1,∆X1) 99K · · · 99K (Xi,∆Xi) 99K · · · .
This log MMP is called the (KX +∆)-MMP over Z with scaling of C.
Remark 2.4. Let (X,∆) be a log canonical pair and (X ′,∆′) be a
log minimal model or a Mori fiber space of (X,∆). If the birational
map X 99K X ′ is a birational contraction, our definition of log minimal
models and Mori fiber spaces coincides with the traditional one.
In [B2], log minimal models and Mori fiber spaces are supposed to
be dlt. On the other hand we do not assume it in Definition 2.2. But
the difference is intrinsically not important. Indeed, if a log canonical
pair (X,∆) has a log minimal model (X ′,∆′) as in Definition 2.2, any
dlt model of (X ′,∆′) is also a log minimal model of (X,∆). If (X,∆)
has a Mori fiber space as in Definition 2.2, we can construct a Mori
fiber space of (X,∆) which is dlt by taking a dlt model of (X,∆) and
by running the log MMP with scaling. In this way, when (X,∆) has
8 KENTA HASHIZUME
a log minimal model (resp. Mori fiber space), we can construct a log
minimal model (resp. Mori fiber space) of (X,∆) which is dlt.
Next we introduce the definition of log canonical thresholds and
pseudo-effective thresholds.
Definition 2.5 (Log canonical thresholds, cf. [HMX]). Let (X,∆) be
a log canonical pair and let M 6= 0 be an effective R-Cartier R-divisor.
Then the log canonical threshold of M with respect to (X,∆), denoted
by lct(X,∆;M), is
lct(X,∆;M) = sup{t ∈ R | (X,∆+ tM) is log canonical}.
Definition 2.6 (Pseudo-effective thresholds). Let (X,∆) be a projec-
tive log canonical pair and M be an effective R-Cartier R-divisor such
that KX+∆+ tM is pseudo-effective for some t ≥ 0. Then the pseudo-
effective threshold ofM with respect to (X,∆), denoted by τ(X,∆;M),
is
τ(X,∆;M) = inf{t ∈ R≥0 |KX +∆+ tM is pseudo-effective}.
The following important theorems are proved by Hacon, McKernan
and Xu [HMX]. In their paper, one is called the ACC for log canonical
thresholds and another one is called the ACC for numerically trivial
pairs.
Theorem 2.7 (ACC for log canonical thresholds, cf. [HMX, Theorem
1.1]). Fix a positive integer n, a set I ⊂ [0, 1] and a set J ⊂ R>0, where
I and J satisfy the DCC. Let Tn(I) be the set of log canonical pairs
(X,∆), where X is a variety of dimension n and the coefficients of ∆
belong to I. Then the set
{lct(X,∆;M) | (X,∆) ∈ Tn(I), the coefficients of M belong to J}
satisfies the ACC.
Theorem 2.8 (ACC for numerically trivial pairs, cf. [HMX, Theorem
1.5]). Fix a positive integer n and a set I ⊂ [0, 1], which satisfies the
DCC.
Then there is a finite set I0 ⊂ I with the following property:
If (X,∆) is a log canonical pair such that
(i) X is projective of dimension n,
(ii) the coefficients of ∆ belong to I, and
(iii) KX +∆ is numerically trivial,
then the coefficients of ∆ belong to I0.
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Finally we introduce the definition of log smooth models and two
related results. Corollary 2.11 is a special kind of dlt blow-up used in
this paper.
Definition 2.9 (Log smooth models, cf. [B2, Definition 2.3] and [B2,
Remark 2.8]). Let (X,∆) be a log canonical pair and f : Y → X be
a log resolution of (X,∆). Let Γ be a boundary R-divisor on Y such
that (Y,Γ) is log smooth. Then (Y,Γ) is a log smooth model of (X,∆)
if we write
KY + Γ = f
∗(KX +∆) + F,
then
(i) F is an effective f -exceptional divisor, and
(ii) every f -exceptional prime divisor E satisfying a(E,X,∆) > −1
is a component of F and Γ− xΓy.
By the definition, Supp Γ = Supp f−1∗ ∆ ∪ Ex (f) and the image of any
lc center of (Y,Γ) on X is an lc center of (X,∆). For any f -exceptional
prime divisor E, E is a component of F if and only if a(E,X,∆) > −1.
When ∆ is a Q-divisor and f : Y → X is a log resolution of (X,∆),
we can find a Q-divisor Γ on Y such that (Y,Γ) is a log smooth model
of (X,∆).
Lemma 2.10. Let π : X → Z be a projective morphism from a normal
variety to a variety. Let (X,∆) be a log canonical pair. Then there is
a log smooth model (Y,Γ) of (X,∆) such that
(i) Γ = Γ′ + Γ′′, where Γ′ ≥ 0 and Γ′′ is a reduced divisor,
(ii) (π ◦ f)(SuppΓ′′) ( Z, and
(iii) every lc center of (Y,Γ− tΓ′′) dominates Z for any 0 < t ≤ 1.
Proof. Replacing (X,∆) with its log smooth model, we can assume that
(X,∆) is log smooth. For any lc center S of (X,∆) not dominating
Z, let πS : XS → X be the blow-up of X along S. Then XS is a
smooth variety and π−1S (S) is a divisor on XS. In particular it is a
Cartier divisor on XS. Let f : Y → X be a log resolution of (X,∆)
such that Y is also a common resolution of all XS, and construct a
log smooth model (Y,Γ) of (X,∆). Let Γ′′ be the reduced divisor such
that Γ′′ is the sum of all components of xΓy not dominating Z, and
set Γ′ = Γ − Γ′′. Then Γ′ and Γ′′ satisfy the conditions (i) and (ii) of
the lemma. We prove that Γ′ and Γ′′ satisfy the condition (iii) of the
lemma.
Fix 0 < t ≤ 1 and let T be an lc center of (Y,Γ− tΓ′′). Since (Y,Γ)
is lc, T is an lc center of (Y,Γ) and T is not contained in Supp Γ′′. We
prove that T dominates Z.
10 KENTA HASHIZUME
Suppose by contradiction that T does not dominate Z. Then f(T ) is
an lc center of (X,∆) not dominating Z and therefore π−1
f(T )(f(T )) is a
Cartier divisor on Xf(T ) by construction. Set M = f
−1(f(T )). Clearly
we have (π ◦ f)(M) ( Z, and M is a divisor because M is the support
of the pullback of π−1
f(T )(f(T )). Moreover T is contained in a component
of M because T is irreducible. Since SuppΓ = Supp f−1∗ ∆ ∪ Ex (f),
we also have M ⊂ SuppΓ. Therefore T is contained in a component G
of Γ such that (π ◦ f)(G) ( Z. On the other hand, T is an irreducible
component of the intersection of some divisors in xΓy because T is an
lc center of the log smooth model (Y,Γ). Since (Y,Γ) is log smooth,
the coefficient of G in Γ is one. Then T is contained in SuppΓ′′ and we
get a contradiction. Therefore T dominates Z and so we are done. 
Let π : X → Z be a projective morphism from a normal variety to
a variety and (X,∆) be a log canonical pair. In the rest of this paper,
the phrase “(X,∆ = ∆′ + ∆′′) satisfies all the conditions of Lemma
2.10 with respect to π” means that we can write ∆ = ∆′ + ∆′′ where
∆′ and ∆′′ satisfy the conditions (i), (ii) and (iii) of Lemma 2.10 with
respect to π.
Corollary 2.11. Let π : X → Z be a projective morphism of normal
quasi-projective varieties and (X,∆) be a log canonical pair. Then there
is a dlt blow-up f : (Y,Γ)→ (X,∆) such that (Y,Γ = Γ′+Γ′′) satisfies
all the conditions of Lemma 2.10 with respect to π ◦ f .
Proof. Let (Y,Γ = Γ′+Γ′′)→ (X,∆) be a log smooth model of (X,∆)
as in Lemma 2.10. We run the (KY +Γ)-MMP over X with scaling. By
[B2, Theorem 3.4], we get a good minimal model φ : (Y,Γ) 99K (Y ′,ΓY ′)
over X . Let f : Y ′ → X be the induced morphism. Then f is a dlt
blow-up of (X,∆). Set Γ′Y ′ = φ∗Γ
′ and Γ′′Y ′ = φ∗Γ
′′. Then we can check
that (Y,ΓY ′ = Γ
′
Y ′+Γ
′′
Y ′) satisfies all the conditions of Lemma 2.10 with
respect to π ◦ f because a(D, Y,Γ− tΓ′′) ≤ a(D, Y ′,ΓY ′ − tΓ
′′
Y ′) for any
sufficiently small positive real number t and any prime divisor D over
Y . Therefore f : (Y ′,ΓY ′)→ (X,∆) is the desired dlt blow-up. 
3. Minimal model program
In this section we study the Minimal Model Program for any R-
Cartier R-divisor D which is not necessarily a log canonical divisor.
More precisely, we define a sequence of birational maps, which we call
D-MMP, and construct the D-MMP under some assumptions.
Definition 3.1 (The D-MMP). Let X be a Q-factorial normal pro-
jective variety and let D be an R-divisor on X . Then a finite sequence
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of birational maps
φ : X = X0 99K X1 99K · · · 99K Xn
is a sequence of finitely many steps of the D-Minimal Model Program
(D-MMP, for short) if
(i) there exists a boundary R-divisor ∆ on X such that (X,∆) is
log canonical and φ is a sequence of finitely many steps of the
(KX +∆)-MMP, and
(ii) for any 0 ≤ i < n, the birational transform DXi of D on Xi,
which is always R-Cartier by the condition (i), is anti-ample
with respect to the extremal contraction fi : Xi → Vi, that is,
Xi+1 = Vi or Xi+1 is the flip of fi.
An infinite sequence of birational maps
X = X0 99K X1 99K · · · 99K Xi 99K · · ·
is a sequence of steps of the D-MMP if X 99K Xi is a sequence of
finitely many steps of the D-MMP for any i.
Remark 3.2. Our definition of D-MMP is slightly different from usual
one because we assume (i), that is, any sequence of finitely many steps
of the D-MMP is always the log MMP for a log canonical divisor.
By the definition, allXi areQ-factorial. In (i) of the above definition,
we can in fact find a boundary Q-divisor instead of a boundary R-
divisor.
Notation as above, suppose that D is a Q-divisor and let Xi 99K Xi+1
be a step of the D-MMP. Then it is a step of the (KX +∆)-MMP for
some Q-divisor ∆. Let Xi → Vi be the extremal contraction. Then
we can write Xi+1 = Proj
(
R(Xi/Vi, DXi)
)
. Indeed, we can check that
Xi+1 = Proj
(
R(Xi/Vi, KXi + ∆Xi)
)
even if Xi → Vi is a divisorial
contraction. By the cone theorem [F4, Theorem 4.5.2] and since DXi is
anti-ample over Vi, DXi ∼Q, Vi m(KXi +∆Xi) for some positive rational
number m. Thus Xi+1 ≃ Proj
(
R(Xi/Vi, DXi)
)
.
Definition 3.3 (The D-MMP with scaling). Let X be a Q-factorial
normal projective variety and let D be an R-divisor on X . Let A be an
R-divisor such that D + A is nef. Then a sequence of birational maps
X = X0 99K X1 99K · · · 99K Xi 99K · · ·
is the D-MMP with scaling of A if
(i) it is a sequence of steps of the D-MMP, and
(ii) if we set
λi = inf{µ ∈ R≥0 |DXi + µAXi is nef}
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for any i, thenDXi+λiAXi is trivial with respect to the extremal
contraction Xi → Vi.
If divisors D and A on X are given and there is no confusion, we denote
the D-MMP with scaling of A by
(X = X0, λ0) 99K (X1, λ1) 99K · · · 99K (Xi, λi) 99K · · ·
where λi = inf{µ ∈ R≥0 |DXi + µAXi is nef}.
Remark 3.4. Notation as above, let
(X = X0, λ0) 99K (X1, λ1) 99K · · · 99K (Xi, λi) 99K · · ·
be a sequence of steps of the D-MMP with scaling of A. Pick an index
i ≥ 0 and a real number t < λi, which is not necessarily positive. By the
definition of the D-MMP with scaling, the sequence of birational maps
X0 99K · · · 99K Xi 99K Xi+1 is a sequence of finitely many steps of the
(D+ tA)-MMP with scaling of (1− t)A. If we set λ′j = (λj − t)/(1− t)
for any 0 ≤ j ≤ i, then the (D+ tA)-MMP with scaling can be written
(X0, λ
′
0) 99K · · · 99K (Xi, λ
′
i) 99K Xi+1.
In particular, if t < λi for any i, then the above sequence of birational
maps is the (D + tA)-MMP with scaling of (1− t)A
(X0, λ
′
0) 99K · · · 99K (Xi, λ
′
i) 99K · · ·
where λ′i = (λi − t)/(1− t) for any i.
If D is the log canonical divisor of a log canonical pair, we can
identify the D-MMP with the standard log MMP on the log canonical
pair. Therefore Definition 3.1 is a generalization of the standard log
MMP. Similarly, we can check that Definition 3.3 is a generalization of
the standard definition of the log MMP with scaling.
Finally, we prove two results related to the D-MMP with scaling.
Lemma 3.5. Let π : X → Z be a projective surjective morphism from
a normal projective variety to a Q-factorial normal projective variety
with connected fibers, and let (X,∆) be a log canonical pair such that
∆ is a Q-divisor. Suppose that (X,∆ = ∆′ + ∆′′) satisfies all the
conditions of Lemma 2.10 with respect to π. Suppose in addition that
KX + ∆ ∼Q π
∗D and ∆′′ ∼Q π
∗E for a Q-divisor D and an effective
Q-divisor E on Z respectively. Let A be a big semi-ample Q-divisor on
Z such that A + E is also semi-ample and D + A is nef.
Then there is a sequence of birational maps of the D-MMP with
scaling of A
(Z = Z0, λ0) 99K · · · 99K (Zi, λi) 99K · · ·
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such that the D-MMP terminates or limi→∞λi = 0 when the D-MMP
does not terminate. In particular, we always have limi→∞λi = 0 when
D is pseudo-effective.
Lemma 3.6. Let π : X → Z be a projective surjective morphism of
Q-factorial normal projective varieties with connected fibers, and let
(X,∆) be a log canonical pair where ∆ is a Q-divisor. Suppose that
(X, 0) is Kawamata log terminal and there is a Q-divisor D on Z such
that KX +∆ ∼Q π
∗D. Let A be an effective Q-divisor on Z such that
D + A is nef and (X,∆+ π∗A) is log canonical. Suppose that there is
a sequence of birational maps of the D-MMP with scaling of A
(Z = Z0, λ0) 99K · · · 99K (Zi, λi) 99K · · ·
with the corresponding numbers λi defined in Definition 3.3. We set
X0 = X and ∆X0 = ∆.
Then we have the following diagram
(X0,∆X0)
pi=pi0

//❴❴❴ · · · //❴❴❴ (Xk1,∆Xk1 )
pi1

//❴❴❴ · · · //❴❴❴ (Xki,∆Xki )
pii

//❴❴❴ · · ·
(Z0, λ0) //❴❴❴❴❴❴❴❴ (Z1, λ1) //❴❴❴❴ · · · //❴❴❴❴ (Zi, λi) //❴❴❴❴ · · ·
such that
(i) for any i, πi is projective and surjective with connected fibers,
(ii) the upper horizontal sequence of birational maps is a sequence
of steps of the (KX +∆)-MMP with scaling of π
∗A such that if
we set k0 = 0 and
λ′j = inf{µ ∈ R≥0 |KXj +∆Xj + µ(π
∗A)Xj is nef},
where (π∗A)Xj is the birational transform of π
∗A on Xj, then
λ′j = λi for any ki ≤ j < ki+1, and
(iii) for any two indices i < i′ and any Q-divisor B on Zi, we have
(π∗iB)Xk
i′
= π∗i′BZi′ .
In particular, KXki +∆Xki ∼Q π
∗
iDZi for any i and the (KX+∆)-MMP
with scaling of π∗A terminates if and only if the D-MMP with scaling
of A terminates.
Proof of Lemma 3.5. Fix a strictly decreasing infinite sequence of ratio-
nal numbers {an}n≥1 such that 0 < an < 1 for any n and limn→∞an = 0.
By the condition (iii) of Lemma 2.10, any lc center of (X,∆ − an∆
′′)
dominates Z for any n. We also have KX +∆−an∆
′′ ∼Q π
∗(D−anE)
by the hypothesis. By [FG1, Corollary 3.2], there are Q-divisors Ψn
on Z such that all (Z,Ψn) are klt and D − anE ∼Q KZ + Ψn. Fix
a sufficiently general semi-ample Q-divisor A′ ∼Q A + E such that
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(Z,Ψn + A
′) is klt for any n ≥ 1. Similarly, fix a sufficiently general
semi-ample Q-divisor A′′ ∼Q A such that (Z,Ψn + A
′ + A′′) is klt for
any n ≥ 1. Then (Z,Ψn + anA
′ + tA′′) is also klt and
D + (t + an)A = (D − anE) + an(A+ E) + tA
∼Q KZ +Ψn + anA
′ + tA′′
(♠)
for any 0 ≤ t ≤ 1 and n ≥ 1. We note that A′ is big.
Since KZ + Ψ1 + a1A
′ + (1 − a1)A
′′ ∼Q D + A is nef, we can run
the (KZ + Ψ1 + a1A
′)-MMP with scaling of (1 − a1)A
′′. By [BCHM,
Corollary 1.4.2], this log MMP terminates with a good minimal model
or a Mori fiber space
φ : Z = Z0 99K Z1 99K · · · 99K Zk1 = Z
′
of (Z,Ψ1 + a1A
′). It is also a sequence of finitely many steps of the
(D + a1A)-MMP since we have D + a1A ∼Q KZ +Ψ1 + a1A
′.
For any i ≥ 0, we set
λi = inf{µ ∈ R≥0 |KZi + (Ψ1)Zi + a1A
′
Zi
+ µ(1− a1)A
′′
Zi
is nef}
where (Ψ1)Zi is the birational transform of Ψ1 on Zi. We note that
λk1−1 > 0 by the definition of the log MMP with scaling. By the above
(♠), for any 0 ≤ i < k1, DZi +
(
a1 + λi(1 − a1)
)
AZi is nef and trivial
with respect to the extremal contraction of the (KZ + Ψ1 + a1A
′)-
MMP. Since DZi + a1AZi is anti-ample with respect to the extremal
contraction, DZi is anti-ample with respect to the extremal contraction
for any 0 ≤ i < k1. Moreover, if we set
λ′i = inf{µ ∈ R≥0 |DZi + µAZi is nef}
for any 0 ≤ i < k1, then λ
′
i = a1 + λi(1 − a1) by the above discussion.
Therefore φ is a sequence of finitely many steps of the D-MMP with
scaling of A (see Definition 3.3). Pick a rational number t ≤ a1. Then
we have t < λ′k1−1 since a1 < λ
′
k1−1
. By Remark 3.4, φ is a sequence
of finitely many steps of the (D + tA)-MMP with scaling of (1 − t)A
for any 0 ≤ t ≤ a1. Since KZ + Ψn + anA
′ ∼Q D + anA, A
′′ ∼Q A
and {an}n≥1 is a strictly decreasing sequence, we see that φ is also a
sequence of finitely many steps of the (KZ + Ψn + anA
′)-MMP with
scaling of (1− an)A
′′ for any n ≥ 1.
If
(
Z ′, (Ψ1)Z′ + a1A
′
Z′
)
is a Mori fiber space, then the D-MMP with
scaling terminates and we stop the process. If
(
Z ′, (Ψ1)Z′ + a1A
′
Z′
)
is
a good minimal model of (Z,Ψ1 + a1A
′), then λk1 = 0. By the above
(♠) we have
KZ′ + (Ψ1)Z′ + a1A
′
Z′ ∼Q DZ′ + a1AZ′
∼Q KZ′ + (Ψ2)Z′ + a2A
′
Z′ + (a1 − a2)A
′′
Z′,
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and thus KZ′+(Ψ2)Z′+a2A
′
Z′+(a1−a2)A
′′
Z′ is nef. Moreovrer the pair(
Z ′, (Ψ2)Z′+a2A
′
Z′
)
is klt since φ is a sequence of finitely many steps of
the (KZ+Ψ2+a2A
′)-MMP. So we can run the
(
KZ′+(Ψ2)Z′+a2A
′
Z′
)
-
MMP with scaling (a1 − a2)A
′′
Z′. By [BCHM, Corollary 1.4.2], this log
MMP terminates with a good minimal model or a Mori fiber space
ψ : Z ′ = Zk1 99K Zk1+1 99K · · · 99K Zk2 = Z
′′
of
(
Z ′, (Ψ2)Z′+a2A
′
Z′
)
. By the same discussion as above, we can check
that ψ ◦ φ : Z 99K Z ′′ is a sequence of finitely many steps of the D-
MMP with scaling of A and also a sequence of finitely many steps of
the (KZ +Ψn + anA
′)-MMP with scaling of (1− an)A
′′ for any n ≥ 2.
By repeating the above discussions, we get a sequence of birational
maps
Z = Z0 99K Z1 99K · · · 99K Zki 99K · · ·
such that
• for any i ≥ 1, the birational map Z 99K Zki is a sequence of
finitely many steps of the (KZ +Ψi + aiA
′)-MMP with scaling
of (1− ai)A
′′ to a good minimal model or a Mori fiber space,
• the whole sequence of birational maps Z 99K · · · 99K Zj 99K · · ·
is a sequence of steps of the D-MMP with scaling of A, and
• if the D-MMP does not terminate and if we set
λj = inf{µ ∈ R≥0 |DZj + µAZj is nef},
then λki ≤ ai.
The third condition follows from the fact that DZki + aiAZki is nef. By
the definition of {an}n≥1, we have limi→∞λi ≤ limi→∞ai = 0 when the
D-MMP does not terminate. Therefore limi→∞λi = 0 and hence we see
that the above D-MMP with scaling of A satisfies all the conditions of
the lemma. So we are done. 
Poof of Lemma 3.6. Set π0 = π and let f : Z0 → V0 be the extremal
contraction. Note that KX0 +∆X0 + π
∗
0A is nef since D+A is nef. By
the definition of D-MMP and the cone theorem [F4, Theorem 4.5.2],
there is a general ample Q-divisor H on Z0 such that D +H ∼Q, V0 0.
Therefore KX0 +∆X0 + π
∗
0H ∼Q, V0 0. By [B2, Theorem 1.1] and [B2,
Theorem 4.1 (iii)], the (KX0 + ∆X0)-MMP over V0 with scaling of an
ample divisor terminates with a good minimal model
φ : (X0,∆X0) 99K (X1,∆X1) 99K · · · 99K (Xk1 = X
′,∆Xk1 = ∆X′)
over V0. Then we can check that φ is a sequence of finitely many steps
of the (KX0 +∆X0)-MMP with scaling of π
∗
0A and if we set
λ′j = inf{µ ∈ R≥0 |KXj +∆Xj + µ(π
∗
0A)Xj is nef}
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for any 0 ≤ j ≤ k1, then λ
′
0 = λ
′
1 = · · · = λ
′
k1−1
= λ0 (see, for example,
the proof of [H, Proposition 4.1]).
Since KX′ +∆X′ is semi-ample over V0, there is a natural morphism
X ′ → Z ′ = Proj
(
R(X ′/V0, KX′ +∆X′)
)
over V0. By construction we
have KX′ + ∆X′ ∼Q, Z′ 0. Now Z1 = Proj
(
R(Z0/V0, D)
)
by Remark
3.2, and for any large and divisible positive integer m, we have
R(Z0/V0, mD) ≃ R
(
X0/V0, m(KX0 +∆X0)
)
≃ R
(
X ′/V0, m(KX′ +∆X′)
)
as sheaves of graded OV0-algebra. Therefore we have Z
′ ≃ Z1. We
put π1 : X
′ → Z1 ≃ Z
′. Then we see that π1 has connected fibers by
taking a common resolution of φ. We also see thatKX′+∆X′ ∼Q π
∗
1DZ1
because KX′ + ∆X′ ∼Q, Z1 0 and KX0 + ∆X0 ∼Q π
∗
0D. Since X0 is Q-
factorial and (X0, 0) is klt, it is easy to see that X
′ is Q-factorial and
(X ′, 0) is klt.
We prove (π∗0B)X′ = π
∗
1BZ1 for any Q-divisor B on Z0. First we
prove (π∗0B)X′ ∼Q π
∗
1BZ1, and after that we prove (π
∗
0B)X′ = π
∗
1BZ1.
Recall that f : Z0 → V0 is the extremal contraction of the D-MMP.
Let f1 : Z1 → V0 be the induced morphism. By construction, there
is a rational number r and Q-Cartier Q-divisor G on V0 satisfying
B− rD ∼Q f
∗G. Then π∗0B− r(KX0 +∆X0) ∼Q π
∗
0f
∗G. By taking the
birational transform on X ′, we obtain (π∗0B)X′ − rπ
∗
1DZ1 ∼Q π
∗
1f
∗
1G
because KX′ +∆X′ ∼Q π
∗
1DZ1 . Since BZ1 − rDZ1 ∼Q f
∗
1G, we see that
(π∗0B)X′ ∼Q π
∗
1BZ1. Next we prove (π
∗
0B)X′ = π
∗
1BZ1 as Q-divisors. We
note that B or −B is nef over V0 because the relative Picard number
ρ(Z0/V0) is one. Let p : Z˜ → Z0 and p
′ : Z˜ → Z1 be a common
resolution of Z0 99K Z1, and let q : X˜ → X0 and q
′ : X˜ → X ′ be
a common resolution of φ : X0 99K X
′ such that the induced map
h : X˜ → Z˜ is a morphism. We set F = p∗B−p′∗BZ1 . Then F or −F is
effective by the negativity lemma. Moreover, by construction, we have
(π∗0B)X′ − π
∗
1BZ1 = q
′
∗q
∗π∗0B − q
′
∗q
′∗π∗1BZ1
= q′∗(h
∗p∗B)− q′∗(h
∗p′∗BZ1) = q
′
∗h
∗F.
On the other hand, since (π∗0B)X′ ∼Q π
∗
1BZ1, we have q
′
∗h
∗F ∼Q 0.
Then q′∗h
∗F = 0 because F or −F is effective. In this way, we see that
(π∗0B)X′ = π
∗
1BZ1 as Q-divisors.
Now we have (π∗0A)X′ = π
∗
1AZ1 . Since
(
X ′,∆X′ + λ1(π
∗
0A)X′
)
is lc,
(X ′,∆X′+λ1π
∗
1AZ1) is lc. Therefore we can apply the above arguments
to π1 : (Xk1,∆Xk1 ) = (X
′,∆X′) → Z1 and λ1AZ1. By repeating these
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arguments, we have the following diagram
(X0,∆X0)
pi0

//❴❴❴ · · · //❴❴❴ (Xk1,∆Xk1 )
pi1

//❴❴❴ · · · //❴❴❴ (Xki,∆Xki )
pii

//❴❴❴ · · ·
(Z0, λ0) //❴❴❴❴❴❴❴❴ (Z1, λ1) //❴❴❴❴ · · · //❴❴❴❴ (Zi, λi) //❴❴❴❴ · · ·
such that
• for any i, πi is projective and surjective with connected fibers,
• the upper horizontal sequence of birational maps is a sequence
of steps of the (KX0+∆X0)-MMP with scaling of π
∗
0A such that
if we set k0 = 0 and
λ′j = inf{µ ∈ R≥0 |KXj +∆Xj + µ(π
∗
0A)Xj is nef},
then λ′j = λi for any ki ≤ j < ki+1, and
• (π∗iB)Xki+1 = π
∗
i+1BZi+1 for any i and any Q-divisor B on Zi.
Pick any two indices i < i′ and Q-divisor B on Zi. Then we can check
that (π∗iB)Xk
i′
= π∗i′BZi′ by induction on i
′ − i. Therefore the diagram
satisfies all the conditions of the lemma. 
4. Proof of the main result in klt case and a reduction
In this section we prove Theorem 1.2 in a special case, which contains
the klt case, and prove a reduction lemma.
Proposition 4.1 below is a special case of Theorem 1.2. From this
proposition we see that Theorem 1.2 holds when (X,∆) is klt.
Proposition 4.1. Fix a positive integer d, and assume the existence of
a good minimal model or a Mori fiber space for all projective Kawamata
log terminal pairs of dimension d with boundary Q-divisors.
Let π : X → Z be a projective surjective morphism of normal projec-
tive varieties such that dimZ = d. Let (X,∆) be a log canonical pair
such that ∆ is a Q-divisor and every lc center of (X,∆) dominates Z.
Suppose that KX +∆ ∼Q, Z 0.
Then (X,∆) has a good minimal model or a Mori fiber space.
Proof. We can prove this by the same arguments as in the proof of [BH,
Proposition 3.3]. We write details for the reader’s convenience.
By taking the Stein factorization of π, we may assume that π has
connected fibers. We may also assume that KX +∆ is pseudo-effective
because otherwise we can find a Mori fiber space of (X,∆) by [BCHM].
By [FG1, Corollary 3.2], there is a Q-divisor Ψ on Z such that (Z,Ψ)
is klt and KX + ∆ ∼Q π
∗(KZ + Ψ). Then KZ + Ψ is pseudo-effective
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(cf. [N, II 5.6 Lemma]). By the hypothesis, there is a good minimal
model φ : (Z,Ψ) 99K (Z ′,ΨZ′) of (Z,Ψ).
Let f : W → Z and f ′ : W → Z ′ be a common resolution of φ and
let g : (Y,Γ) → (X,∆) be a log smooth model such that the induced
map h : Y 99K W is a morphism. Then we see that f ′ ◦h : Y → Z ′ has
connected fibers. Moreover we have KY +Γ = g
∗(KX +∆) +E for an
effective g-exceptional divisor E and f ∗(KZ +Ψ) = f
′∗(KZ′+ΨZ′)+F
for an effective f ′-exceptional divisor F . Then
KY + Γ = g
∗(KX +∆) + E ∼Q g
∗π∗(KZ +Ψ) + E
= h∗f ∗(KZ +Ψ) + E = h
∗f ′∗(KZ′ +ΨZ′) + h
∗F + E.
We run the (KY + Γ)-MMP over Z
′ with scaling of an ample divisor
Y 99K Y1 99K · · · 99K Yi 99K · · · .
Pick an open set U of Z such that the restriction of φ to U is an
isomorphism φ|U : U → φ(U) and the codimension of Z
′ \ φ(U) in Z ′
is at least two. By shrinking U if necessary, we can assume that F is
mapped into Z ′\φ(U). Set V = (π◦g)−1(U). Since KX+∆ ∼Q, Z 0 and
by the definition of log smooth models, we see that (π−1(U),∆|pi−1(U))
is a weak lc model model of (V,Γ|V ) over U with relatively trivial log
canonical divisor. Since U ≃ φ(U), the (KY + Γ)-MMP over Z
′ must
terminate over φ(U). In other words, if Vi denotes the inverse image
of φ(U) on Yi, the divisor (KYi +ΓYi)|Vi is Q-linearly equivalent to the
pullback of (KZ′ + ΨZ′)|φ(U) for any i ≫ 0. Therefore E is eventually
contracted over φ(U).
By the above facts, we see that (h∗F )Yi+EYi is mapped into Z
′\φ(U)
for any i≫ 0. In particular (h∗F )Yi +EYi is a very exceptional divisor
over Z ′ (cf. [B2, Definition 3.1]). Moreover, by the definition of the log
MMP with scaling, KYi+ΓYi ∼Q, Z′ (h
∗F )Yi+EYi is the limit of movable
divisors over Z ′ for any i≫ 0. Then (h∗F )Yi +EYi = 0 by [B2, Lemma
3.3]. Therefore KYi + ΓYi is Q-linearly equivalent to the pullback of
KZ′ + ΨZ′ for some i. Since KZ′ + ΨZ′ is semi-ample, KYi + ΓYi is
also semi-ample. Therefore (Yi,ΓYi) is a good minimal model of (Y,Γ).
Since (Y,Γ) is a log smooth model of (X,∆), (X,∆) also has a good
minimal model. So we are done. 
We can prove the following proposition by using [BCHM, Corollary
1.4.2] and the same discussion as in the proof of Proposition 4.1.
Proposition 4.2. Let π : X → Z be a projective surjective morphism
of Q-factorial normal projective varieties with connected fibers. Let
(X,∆) be a log canonical pair such that ∆ is a Q-divisor and every lc
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center of (X,∆) dominates Z. Suppose that KX + ∆ ∼Q π
∗D for a
Q-divisor D on Z.
If D is big, then (X,∆) has a good minimal model.
We close this section with a reduction lemma, which plays a key role
in the proof of Theorem 1.2.
Lemma 4.3. To prove Theorem 1.2, we may assume the following
conditions about π : (X,∆)→ Z.
(i) π has connected fibers, (X, 0) is Q-factorial Kawamata log ter-
minal and Z is Q-factorial,
(ii) (X,∆ = ∆′ + ∆′′) satisfies all the conditions of Lemma 2.10
with respect to π,
(iii) KX+∆ ∼Q π
∗D and ∆′′ ∼Q π
∗E, where D is a pseudo-effective
Q-divisor and E is an effective Q-divisor on Z, and
(iv) there is a Q-divisor A on X such that KX +∆+ δA is movable
for any sufficiently small δ > 0.
Proof. By taking a dlt blow-up and by replacing (X,∆) if necessary, we
can assume that X is Q-factorial and (X, 0) is klt. We may also assume
that KX +∆ is pseudo-effective because otherwise we can find a Mori
fiber space of (X,∆) by running the (KX +∆)-MMP with scaling. We
note that existence of a good minimal model of (X,∆) is equivalent to
existence of a weak lc model of (X,∆) with semi-ample log canonical
divisor (see [B2, Corollary 3.7]). By taking the Stein factorization of
π and by Corollary 2.11, we may assume that π has connected fibers
and the condition (ii) of the lemma holds.
Next we show that we can assume ∆′′ ∼Q, Z 0 to prove Theorem 1.2.
Since KX +∆ is pseudo-effective and ∆
′′ is vertical over Z, we see that
KX +∆
′ is pseudo-effective over Z. We run the (KX +∆
′)-MMP over
Z with scaling of an ample divisor. By [B2, Theorem 1.1], this log
MMP terminates with a good minimal model φ : (X,∆′)→ (X ′,∆′X′)
of (X,∆′) over Z because KX +∆
′ +∆′′ ∼Q, Z 0. Set ∆
′′
X′ = φ∗∆
′′ and
∆X′ = φ∗∆. Then (X
′,∆X′ = ∆
′
X′+∆
′′
X′) satisfies all the conditions of
Lemma 2.10 with respect to the morphism X ′ → Z. Let π′ : X ′ → Z ′
be the Stein factorization of the morphism induced by KX′ +∆
′
X′ over
Z. Then π′ has connected fibers and it is easy to see that the morphism
Z ′ → Z is birational. Therefore (X ′,∆X′ = ∆
′
X′ + ∆
′′
X′) satisfies all
the conditions of Lemma 2.10 with respect to π′. Moreover we have
KX′ + ∆X′ ∼Q, Z′ 0 and KX′ + ∆
′
X′ ∼Q, Z′ 0. Therefore ∆
′′
X′ ∼Q, Z′ 0.
Since φ is a birational contraction and both KX+∆ and KX′+∆X′ are
Q-linearly equivalent to the pullback of the same divisor on Z, (X,∆)
has a weak lc model with semi-ample log canonical divisor if (X ′,∆X′)
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has a weak lc model with semi-ample log canonical divisor. In this way,
by replacing π : (X,∆)→ Z with π′ : (X ′,∆X′)→ Z
′, we may assume
that ∆′′ ∼Q, Z 0. Then there is an effective Q-Cartier Q-divisor E on
Z such that ∆′′ ∼Q π
∗E.
Now we can prove that we may assume the condition (i) of the lemma
to prove Theorem 1.2. Let E be a Q-divisor defined above and pick a
Q-divisor D on Z such that KX + ∆ ∼Q π
∗D. By the condition (ii)
of this lemma and the condition (iii) of Lemma 2.10, every lc center of
(X,∆′) dominates Z. Since KX +∆
′ ∼Q, Z 0, by [FG1, Corollary 3.2],
there exists a klt pair on Z. Let f : Z˜ → Z be a dlt blow-up of the klt
pair. By construction Z˜ is Q-factorial and Z and Z˜ are isomorphic in
codimension one. Let g : (Y,Γ′) → (X,∆′) be a log smooth model of
(X,∆′) such that the induced map h : Y 99K Z˜ is a morphism. Then
π ◦ g = f ◦ h and we can write
KY + Γ
′ = g∗(KX +∆
′) + F ∼Q (f ◦ h)
∗(D −E) + F
with an effective g-exceptional divisor F which contains every g-exceptional
prime divisor whose discrepancy with respect to (X,∆′) is greater
than −1. We run the (KY + Γ
′)-MMP over Z˜ with scaling. Since
Z˜ and Z are isomorphic in codimension one, by the same argument
as in the proof of Proposition 4.1, we obtain a good minimal model
φ : (Y,Γ′) 99K (Y ′,Γ′Y ′) over Z˜. Let h
′ : Y ′ → Z˜ be the induced
morphism. Then Y ′ is Q-factorial, (Y ′, 0) is klt and h′ has connected
fibers. We also have FY ′ = 0 and KY ′ + Γ
′
Y ′ ∼Q (f ◦ h
′)∗(D − E) by
construction (see the proof of Proposition 4.1). Set
Γ′′Y ′ = φ∗g
∗∆′′ ∼Q (f ◦ h
′)∗E and ΓY ′ = Γ
′
Y ′ + Γ
′′
Y ′ .
By taking a common resolution of X 99K Y ′, we see that (Y ′,ΓY ′) is
lc. Moreover we see that Γ′′Y ′ is a reduced divisor. Indeed, we can write
g∗∆′′ = g−1∗ ∆
′′ +
∑
aiEi where Ei are g-exceptional prime divisors
and ai > 0. Then a(Ei, X,∆
′) > −1 because (X,∆ = ∆′ + ∆′′) is
lc. Therefore Supp (
∑
aiEi) ⊂ SuppF . Since FY ′ = 0, we see that
Γ′′Y ′ = φ∗g
−1
∗ ∆
′′ and thus Γ′′Y ′ is a reduced divisor. Now we can easily
check that (Y ′,ΓY ′ = Γ
′
Y ′ + Γ
′′
Y ′) satisfies all the conditions of Lemma
2.10 with respect to h′. If we set D′ = f ∗D and E ′ = f ∗E, then
KY ′ + ΓY ′ ∼Q h
′∗D′ and Γ′′Y ′ ∼Q h
′∗E ′. By construction we can also
check that (Y ′,ΓY ′) is a log birational model of (X,∆). Therefore, to
prove Theorem 1.2 for (X,∆), we only have to show that (Y ′,ΓY ′) has
a weak lc model with semi-ample log canonical divisor. In this way, by
replacing π : (X,∆) → Z with h′ : (Y ′,ΓY ′) → Z˜, we may assume the
condition (i) of the lemma.
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Finally we show that we can assume the condition (iv) of the lemma
to prove Theorem 1.2. Since KX +∆ is pseudo-effective, D is pseudo-
effective (cf. [N, II 5.6 Lemma]). Let A be a general ample Q-divisor
on Z such that A+E and D+A are also ample. By Lemma 3.5, there
is a sequence of birational maps of the D-MMP with scaling of A
(Z = Z0, λ0) 99K · · · 99K (Zi, λi) 99K · · · .
Then we have limi→∞λi = 0. Moreover, by construction of the D-MMP
with scaling in Lemma 3.5, DZi + λiAZi is semi-ample if λi > 0.
Since A is a general ample Q-divisor and D + A is nef, by Lemma
3.6, we have the following diagram
(X,∆)
pi=pi0

//❴❴❴ · · · //❴❴❴ (Xk1 ,∆Xk1 )
pi1

//❴❴❴ · · · //❴❴❴ (Xki,∆Xki )
pii

//❴❴❴ · · ·
(Z0, λ0) //❴❴❴❴❴❴❴❴ (Z1, λ1) //❴❴❴❴ · · · //❴❴❴❴ (Zi, λi) //❴❴❴❴ · · ·
such that
(i) for any i, πi is projective and surjective with connected fibers,
(ii) the upper horizontal sequence of birational maps is a sequence
of steps of the (KX + ∆)-MMP with scaling of π
∗A such that
if we set k0 = 0 and
λ′j = inf{µ ∈ R≥0 |KXj +∆Xj + µ(π
∗A)Xj is nef},
then λ′j = λi for ki ≤ j < ki+1, and
(iii) for any two indices i < i′ and any Q-divisor B on Zi, we have
(π∗iB)Xk
i′
= π∗i′BZi′ .
Set A′ = π∗A. Since (X, 0) is klt andX isQ-factorial, (Xki, 0) is klt and
Xki is Q-factorial. We also have KXki +∆Xki ∼Q π
∗
iDZi and ∆
′′
Xki
∼Q
π∗iEZi by (iii) of the above properties. Taking a common resolution
of X 99K Xki, we see that (Xki,∆Xki = ∆
′
Xki
+ ∆′′Xki
) satisfies all the
conditions of Lemma 2.10 with respect to πi. In this way we can replace
π : (X,∆) → Z with πi : (Xki,∆Xki ) → Zi for some i ≫ 0 and hence
we may assume that KX+∆ is nef (i.e., the (KX+∆)-MMP terminates
after finitely many steps) or the (KX + ∆)-MMP contains only flips.
We may also assume that KXki + ∆Xki + λiA
′
Xki
∼Q π
∗
i (DZi + λiAZi)
is semi-ample if λi > 0.
If KX+∆ is nef, then any ample Q-divisor satisfies the condition (iv)
of the lemma. If λi > 0 for any i, the divisor A
′ satisfies the condition
of the lemma because KX + ∆ + λiA
′ is movable and limi→∞λi = 0.
In this way we can assume the condition (iv) of the lemma. So we are
done. 
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5. Proof of the main result
In this section we prove Theorem 1.2. First we prove Theorem 1.2
assuming Proposition 5.1, Proposition 5.3 and Proposition 5.4. After
that, we prove Proposition 5.1, Proposition 5.3 and Proposition 5.4.
Proof of Theorem 1.2. We prove it by induction on d0. Clearly Theo-
rem 1.2 holds when d0 = 0. Fix an integer d0 > 0 and assume Theorem
1.2 for d0 − 1, and pick any π : (X,∆) → Z as in Theorem 1.2. By
Lemma 4.3, we can assume that π : (X,∆) → Z satisfies all the con-
ditions of Lemma 4.3. Moreover we may assume that E 6= 0 because
otherwise Theorem 1.2 follows from Proposition 4.1 and the condition
(iii) of Lemma 2.10. Then we have the following three cases.
Case 1. D is not big and D − eE is pseudo-effective for a sufficiently
small positive rational number e.
Case 2. D is not big andD−eE is not pseudo-effective for any positive
rational number e.
Case 3. D is big.
But then Theorem 1.2 follows from Proposition 5.1, Proposition 5.3
and Proposition 5.4 below. So we are done. 
Next we prove Proposition 5.1, Proposition 5.3 and Proposition 5.4.
From now on we freely use the notations of the conditions (ii) and (iii)
of Lemma 4.3.
Proposition 5.1. Fix a positive integer d0 and assume Theorem 1.2
for d0 − 1. Let π : (X,∆) → Z be as in Theorem 1.2 satisfying all
conditions of Lemma 4.3. Let D and E be as in the condition (iii) of
Lemma 4.3.
If D is not big and D−eE is pseudo-effective for a sufficiently small
positive rational number e, then Theorem 1.2 holds for (X,∆)→ Z.
Proof. We can assume E 6= 0. We prove it with several steps.
Step 1. In this step we construct a diagram used in the proof.
Fix a strictly decreasing infinite sequence of rational numbers {an}n≥1
such that 0 < an < e for any n and limn→∞an = 0. Then D − anE is
pseudo-effective for all n ≥ 1. By [FG1, Corollary 3.2] and the defini-
tion of D and E, there are Q-divisors Ψn on Z such that all (Z,Ψn) are
klt and D−anE ∼Q KZ +Ψn. Then KX +∆−an∆
′′ ∼Q π
∗(KZ +Ψn).
By the hypothesis of Theorem 1.2, (Z,Ψn) has a good minimal
model. By [B2, Theorem 4.1 (iii)] and running the (KZ + Ψn)-MMP
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with scaling, we get a good minimal model (Z,Ψn) 99K
(
Zn, (Ψn)Zn
)
of (Z,Ψn). By Lemma 3.6, we obtain the following diagram
(X,∆− an∆
′′)
pi

φn
//❴❴❴ (Xn,∆Xn − an∆
′′
Xn
)
pin

Z //❴❴❴❴❴❴❴❴❴❴❴ Zn
such that φn is a sequence of finitely many steps of the (KX+∆−an∆
′′)-
MMP with scaling. Then KXn +∆Xn − an∆
′′
Xn
∼Q π
∗
n
(
KZn + (Ψn)Zn
)
by the condition (iii) of Lemma 3.6. Therefore KXn +∆Xn − an∆
′′
Xn
is
semi-ample and thus (Xn,∆Xn − an∆
′′
Xn
) is a good minimal model of
(X,∆− an∆
′′). We note that Xn is Q-factorial and (Xn, 0) is klt, and
πn : Xn → Zn is projective and surjective with connected fibers by the
condition (i) of Lemma 3.6. We also note that KXn +∆Xn − t∆
′′
Xn
∼Q
π∗n(DZn − tEZn) for any t ≥ 0 by the condition (iii) of Lemma 3.6.
Step 2. In this step we prove that there are infinitely many indices n
such that (Xn,∆Xn) is lc.
Suppose by contradiction that there are only finitely many indices n
such that (Xn,∆Xn) is lc. Fix n0 such that (Xi,∆Xi) is not lc for every
i ≥ n0. Consider
I = {M ∈ R≥0 |M = lct(Xi,∆
′
Xi
; ∆′′Xi), i ≥ n0}
where ∆′Xi is the birational transform of ∆
′ on Xi. Then I does not
contain one by our assumption. On the other hand, since ∆′Xi is the
birational transform of ∆′ on Xi, any coefficient of component in ∆
′
Xi
is in a finite set which does not depend on i. Moreover ∆′′Xi is a re-
duced divisor and lct(Xi,∆
′
Xi
; ∆′′Xi) ≥ 1 − ai by construction. Since
limn→∞an = 0, by the ACC for log canonical thresholds (cf. Theorem
2.7), the set I must contain one. In this way we get a contradiction
and thus there are infinitely many indices n such that (Xn,∆Xn) is lc.
Step 3. By taking a common resolution of φn, we can check that
(Xn,∆Xn = ∆
′
Xn
+∆′′Xn) satisfies all the conditions of Lemma 2.10 with
respect to πn. In this way, by Step 1 and Step 2 we can get a strictly
decreasing infinite sequence {an}n≥1 of positive rational numbers such
that
(i) an < e for any n and limn→∞an = 0, and
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(ii) for any n ≥ 1, there is a diagram
(X,∆− an∆
′′)
pi

φn
//❴❴❴ (Xn,∆Xn − an∆
′′
Xn
)
pin

Z //❴❴❴❴❴❴❴❴❴❴❴ Zn
such that
(ii-a) Xn and Zn are Q-factorial, (Xn,∆Xn) is lc, (Xn, 0) is klt
and πn is a projective surjective morphism with connected
fibers,
(ii-b) (Xn,∆Xn = ∆
′
Xn
+ ∆′′Xn) satisfies all the conditions of
Lemma 2.10 with respect to πn, KXn + ∆Xn ∼Q π
∗
nDZn
and ∆′′Xn ∼Q π
∗
nEZn , and
(ii-c) φn is a sequence of finitely many steps of the (KX + ∆ −
an∆
′′)-MMP to a good minimal model (Xn,∆Xn−an∆
′′
Xn
).
By replacing {an}n≥1 with its subsequence again, we also have that
(ii-d) Xi and Xj are isomorphic in codimension one for any i and j.
Indeed, for any n ≥ 1, every prime divisor contracted by φn is a compo-
nent of Nσ(KX+∆−an∆
′′). Moreover KX+∆−e∆
′′ is pseudo-effective
by the choice of e. Therefore, by the basic property of Nσ( · ), we have
Nσ(KX +∆− an∆
′′)
≤
(
1−
an
e
)
Nσ(KX +∆) +
an
e
Nσ(KX +∆− e∆
′′).
Thus every prime divisor contracted by φn is also a component of
Nσ(KX + ∆) + Nσ(KX + ∆ − e∆
′′), which does not depend on n.
Therefore we can replace {an}n≥1 with its subsequence so that Xi and
Xj are isomorphic in codimension one for any i and j.
We note that DZn − (an − δ)EZn is not big for any sufficiently small
rational number δ > 0. Indeed, the birational map Z 99K Zn is a
sequence of finitely many steps of the (D−anE)-MMP. Then Z 99K Zn
is also a sequence of finitely many steps of the
(
D− (an − δ)E
)
-MMP
for any sufficiently small δ > 0. Since D − tE is not big for any t ≥ 0,
we see that DZn−(an−δ)EZn is not big for any sufficiently small δ > 0.
Step 4. Suppose that (X1,∆X1) has a good minimal model. Then we
can show that (X,∆) has a weak lc model with semi-ample log canoni-
cal divisor. Indeed, by [B2, Theorem 4.1 (iii)], any (KX1 +∆X1)-MMP
with scaling of an ample divisor terminates. So we can get a sequence of
finitely many steps of the (KX1 +∆X1)-MMP to a good minimal model
ψ : (X1,∆X1) 99K (X
′,∆X′). By construction KX′+∆X′ is semi-ample.
Fix a sufficiently small positive rational number t≪ a1. Then ψ is also
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a sequence of finitely many steps of the (KX1 + ∆X1 − t∆
′′
X1
)-MMP.
We note that any lc center of (X1,∆X1 − t∆
′′
X1
) dominates Z1. By
Proposition 4.1, (X1,∆X1− t∆
′′
X1
) has a good minimal model, and thus
(X ′,∆X′− t∆
′′
X′) has a good minimal model. Therefore we can run the
(KX′ +∆X′ − t∆
′′
X′)-MMP with scaling of an ample divisor and obtain
a good minimal model ψ′ : (X ′,∆X′ − t∆
′′
X′) 99K (X
′′,∆X′′ − t∆
′′
X′′).
Now we get the following sequence of birational maps
X
φ1
99K X1
ψ
99K X ′
ψ′
99K X ′′,
where φ1 (resp. ψ, ψ
′) is a sequence of steps the (KX+∆−a1∆
′′)-MMP
(resp. the (KX1+∆X1)-MMP, the (KX′+∆X′−t∆
′′
X′)-MMP) to a good
minimal model. Since we pick t > 0 sufficiently small, by the standard
argument of the length of extremal rays, we see that KX′′+∆X′′ is also
semi-ample (see, for example, the proof of [B1, Proposition 3.2 (5)] or
the proof of [H, Theorem 1.2]).
We prove that X1 and X
′′ are isomorphic in codimension one. More
precisely, we prove that both ψ and ψ′ contain only flips. We note that
φ1 is in particular a birational contraction. Recall that there is a Q-
divisor A on X such that KX +∆+ δA is movable for any sufficiently
small δ > 0, which is the condition (iv) of Lemma 4.3. Therefore
we see that KX1 + ∆X1 + δAX1 is movable for any sufficiently small
δ > 0. Then Nσ(KX1 +∆X1) = 0, and ψ contains only flips. Moreover
KX′ +∆X′ − a1∆
′′
X′ is movable because of the condition (ii-c) of Step
3. So Nσ(KX′ +∆X′ − a1∆
′′
X′) = 0. We also have Nσ(KX′ +∆X′) = 0
since KX′ +∆X′ is semi-ample. Since t satisfies 0 < t < a1, we have
Nσ(KX′ +∆X′ − t∆
′′
X′)
≤
(
1−
t
a1
)
Nσ(KX′ +∆X′) +
t
a1
Nσ(KX′ +∆X′ − a1∆
′′
X′)
= 0
and ψ′ contains only flips. Thus we see that X1 and X
′′ are isomorphic
in codimension one.
Recall that Xi and Xj are isomorphic in codimension one, which is
the condition (ii-d) of Step 3. Therefore Xn and X
′′ are isomorphic in
codimension one for any n. By the condition (i) in Step 3, we have t ≥
an for any n≫ 0, where {an}n≥1 is defined in Step 3. Since KX′′+∆X′′
and KX′′ +∆X′′ − t∆
′′
X′′ are semi-ample, KX′′ +∆X′′ − an∆
′′
X′′ is also
semi-ample for any n≫ 0. Now we recall that (Xn,∆Xn − an∆
′′
Xn
) is a
good minimal model of (X,∆− an∆
′′). From these facts, we see that
(X ′′,∆X′′−an∆
′′
X′′) is also a good minimal model of (X,∆−an∆
′′) for
any n ≫ 0. Let p : Y → X and q : Y → X ′′ be a common resolution
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of X 99K X ′′. Then
p∗(KX +∆− an∆
′′)− q∗(KX′′ +∆X′′ − an∆
′′
X′′) ≥ 0
for any n≫ 0. Since limn→∞an = 0, we have
p∗(KX +∆)− q
∗(KX′′ +∆X′′) ≥ 0
by considering the limit. Since KX′′ +∆X′′ is semi-ample, we see that
(X ′′,∆X′′) is a weak lc model of (X,∆) with semi-ample log canonical
divisor.
In this way, to prove Proposition 5.1, we only have to prove that
(X1,∆X1) has a good minimal model.
Step 5. Finally we prove that (X1,∆X1) has a good minimal model.
If EZ1 = 0, then KX1 + ∆X1 = KX1 + ∆X1 − a1∆
′′
X1
is semi-ample.
Therefore we may assume that EZ1 6= 0. Recall again that any lc
center of (X1,∆X1 − t∆
′′
X1
) dominates Z1 for any 0 < t ≤ a1.
Pick a sufficiently small positive rational number u≪ a1. By [FG1,
Corollary 3.2], there is a Q-divisor Ψ′ on Z1 such that (Z1,Ψ
′) is klt
and DZ1− (a1−u)EZ1 ∼Q KZ1+Ψ
′. Then (Z1,Ψ
′) has a good minimal
model by the hypothesis. Run the (KZ1 +Ψ
′)-MMP with scaling of an
ample divisor. By [B2, Theorem 4.1 (iii)], we obtain a good minimal
model (Z1,Ψ
′) 99K (Z ′1,Ψ
′
Z′
1
) of (Z1,Ψ
′). Furthermore, by Lemma 3.6,
we obtain the following diagram
(
X1,∆X1 − (a1 − u)∆
′′
X1
)
pi1

φ
//❴❴❴
(
X ′1,∆X′1 − (a1 − u)∆
′′
X′
1
)
pi′
1

Z1 //❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ Z
′
1
such that the upper horizontal birational map φ is a sequence of finitely
many steps of the
(
KX1+∆X1−(a1−u)∆
′′
X1
)
-MMP to a good minimal
model. Since KX1 + ∆X1 − a1∆
′′
X1
is semi-ample and u is sufficiently
small, by the standard argument of the length of extremal rays, we see
that φ is also a sequence of finitely many steps of the (KX1 + ∆X1)-
MMP and KX′
1
+∆X′
1
− a1∆
′′
X′
1
is semi-ample (cf. [B1, Proposition 3.2
(5)]). From this we also see that (X ′1,∆X′1) is lc. Now we have
KX′
1
+∆X′
1
− (a1 − u)∆
′′
X′
1
∼Q π
′∗
1
(
DZ′
1
− (a1 − u)EZ′
1
)
and
KX′
1
+∆X′
1
− a1∆
′′
X′
1
∼Q π
′∗
1 (DZ′1 − a1EZ′1),
where DZ′
1
− (a1 − u)EZ′
1
and DZ′
1
− a1EZ′
1
are semi-ample.
Recall that DZ1 − (a1 − δ)EZ1 is not big for any sufficiently small
rational number δ > 0. Therefore DZ′
1
− (a1 − δ)EZ′
1
is not big for any
sufficiently small rational number δ > 0. Pick two sufficiently small
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rational numbers u1 and u2 satisfying 0 < u1 < u2 < u. Then we
see that DZ′
1
− (a1 − ui)EZ′
1
is semi-ample for i = 1, 2 because these
are represented by a Q>0-linear combination of DZ′
1
− (a1− u)EZ′
1
and
DZ′
1
− a1EZ′
1
. Moreover DZ′
1
− (a1 − ui)EZ′
1
is not big. For i = 1, 2,
let fi : Z
′
1 →Wi be the Stein factorization of the projective morphism
induced by DZ′
1
− (a1 − ui)EZ′
1
. Then W1 ≃ W2. Indeed, let C be a
curve on Z ′1. Then
C is contracted by f1
⇔C ·
(
DZ′
1
− (a1 − u1)EZ′
1
)
= 0
⇔C · (DZ′
1
− a1EZ′
1
) = C ·
(
DZ′
1
− (a1 − u)EZ′
1
)
= 0
⇔C ·
(
DZ′
1
− (a1 − u2)EZ′
1
)
= 0
⇔C is contracted by f2.
Thus W1 ≃ W2. Set f : Z
′
1 → W = W1 ≃ W2. By construction we
have dimW < dimZ ′1 and DZ′1−(a1−ui)EZ′1 ∼Q,W 0 for i = 1, 2. Then
EZ′
1
∼Q,W 0, and moreover DZ′
1
∼Q,W 0. Therefore KX′
1
+∆X′
1
∼Q,W 0.
Since we assume Theorem 1.2 for d0 − 1, by applying this hypothesis
to f ◦ π′1 : (X
′
1,∆X′1)→W , we see that (X
′
1,∆X′1) has a good minimal
model. Then (X1,∆X1) also has a good minimal model by construction.
Thus we complete the proof.

Remark 5.2. In the proof of Proposition 5.1, we use the condition
that D− eE is pseudo-effective from the start. On the other hand, we
do not use the condition that D is not big until the final part of Step
5. Therefore we can use the same discussions as in Step 1-4 and the
first half of Step 5 to prove Theorem 1.2 in Case 3.
Proposition 5.3. Fix a positive integer d0 and assume Theorem 1.2
for d0 − 1. Let π : (X,∆) → Z be as in Theorem 1.2 satisfying all
conditions of Lemma 4.3. Let D and E be as in the condition (iii) of
Lemma 4.3.
If D is not big and D − eE is not pseudo-effective for any positive
rational number e, then Theorem 1.2 holds for (X,∆)→ Z.
Proof. We prove it by using similar techniques used in the proof of
Proposition 5.1.
Step 1. In this step we construct a diagram used in the proof.
Let {ǫn}n≥1 be a strictly decreasing infinite sequence of rational num-
bers such that 0 < ǫn < 1 for any n and limn→∞ǫn = 0. By [FG1,
Corollary 3.2] and the definition of D and E, there are Q-divisors Ψn
28 KENTA HASHIZUME
on Z such that all (Z,Ψn) are klt and D − ǫnE ∼Q KZ + Ψn. Fix a
sufficiently general ample Q-divisor A on Z such that D+ (1/2)A and
(1/2)A− E are nef, (X,∆ + π∗A) is lc and (Z,Ψn + A) is klt for any
n. Then
KZ +Ψn + A ∼Q D − ǫnE + A
= D +
1
2
A + ǫn
(1
2
A− E
)
+
1
2
(1− ǫn)A
is nef. Therefore we can run the (KZ + Ψn)-MMP with scaling of A,
and we get a Mori fiber space
(Z,Ψn) 99K
(
Zn, (Ψn)Zn
) fn
→Wn.
Let τn = τ(Z,Ψn ;A) be the pseudo-effective threshold of A with re-
spect to (Z,Ψn). Then 0 < τn ≤ 1. By the basic properties of the log
MMP with scaling, DZn − ǫnEZn + τnAZn ∼Q KZn + (Ψn)Zn + τnAZn
is nef and trivial over Wn. Clearly DZn − ǫnEZn ∼Q KZn + (Ψn)Zn is
anti-ample over Wn by construction. Since DZn is pseudo-effective, it
is nef over Wn and hence we see that EZn is ample overWn. By Lemma
3.6, we obtain the following diagram
(X,∆− ǫn∆
′′)
pi

//❴❴❴ (Xn,∆Xn − ǫn∆
′′
Xn
)
pin

Z //❴❴❴❴❴❴❴❴❴ Zn
fn
// Wn
such that
(i) the upper horizontal birational map is a sequence of finitely
many steps of the (KX +∆− ǫn∆
′′)-MMP,
(ii) πn is projective and surjective with connected fibers, and
(iii) KXn +∆Xn ∼Q π
∗
nDZn and ∆
′′
Xn
∼Q π
∗
nEZn for any n.
Step 2. In this step we prove that there is an index n such that
(Xn,∆Xn) is lc and DZn is trivial over Wn. The idea is similar to
the proof of [DHP, Proposition 8.7] or [G, Lemma 3.1]. By the cone
theorem [F4, Theorem 4.5.2], DZn is trivial over Wn if and only if DZn
is numerically trivial over Wn.
By the same arguments as in Step 2 in the proof of Proposition
5.1, we can find infinitely many indices n such that (Xn,∆Xn) is lc.
Therefore, by replacing ǫn with its subsequence, we may assume that
(Xn,∆Xn) is lc for any n. Moreover we may assume that the dimension
of Wn is constant for all n by replacing ǫn with its subsequence.
Since DZn is nef over Wn and since DZn − ǫnEZn is anti-ample over
Wn, DZn − νnEZn is numerically trivial over Wn for some 0 ≤ νn < ǫn.
MINIMAL MODEL THEORY FOR RELATIVELY TRIVIAL LC PAIRS 29
Then we have
KXn +∆Xn − νn∆
′′
Xn
= KXn +∆
′
Xn
+ (1− νn)∆
′′
Xn
∼Q π
∗
n(DZn − νnEZn) ≡Wn 0.
Let Fn be the general fiber of fn ◦ πn. Then
(
Fn, (∆Xn − νn∆
′′
Xn
)|Fn
)
is lc, and ∆′′Xn |Fn ∼Q (π
∗
nEZn)|Fn is not numerically trivial since EZn is
ample over Wn. Consider
T = {ν ∈ R≥0 |KFn +∆
′
Xn
|Fn + ν∆
′′
Xn
|Fn ≡ 0 for some n}.
Clearly T ⊃ {1−νn}n≥1 by the definition of νn. Conversely, ν = 1−νn
is the unique number satisfying KFn +∆
′
Xn
|Fn + ν∆
′′
Xn
|Fn ≡ 0 because
∆′′Xn |Fn is not numerically trivial. Therefore we have T = {1− νn}n≥1.
By construction, the dimension of Fn is constant for any n and any
coefficient of component of ∆′Xn |Fn or ∆
′′
Xn
|Fn is in a finite set which
does not depend on n. Since limn→∞ǫn = 0 and 0 ≤ νn < ǫn, T must
contain one by the ACC for numerically trivial pairs (cf. Theorem 2.8).
Then νn = 0 for some n. In this way, we see that there is an index n
such that (Xn,∆Xn) is lc and DZn is trivial over Wn.
Step 3. Fix an index n such that (Xn,∆Xn) is lc and DZn is trivial over
Wn. Recall that KZ + Ψn ∼Q D − ǫnE and τn is the pseudo-effective
threshold of A with respect to (Z,Ψn). In this step we prove that
D − t(ǫnE − τnA) is not big for any rational number 0 ≤ t ≤ 1. Note
that D − t(ǫnE − τnA) is pseudo-effective for any 0 ≤ t ≤ 1 because it
is represented by a Q≥0-linear combination of D and D − ǫnE + τnA.
Suppose by contradiction that D − t(ǫnE − τnA) is big for some
0 ≤ t ≤ 1. Then DZn−t(ǫnEZn−τnAZn) is also big. On the other hand,
DZn is trivial over Wn. Moreover DZn − ǫnEZn + τnAZn is also trivial
over Wn as we mentioned in Step 1. Therefore DZn− t(ǫnEZn + τnAZn)
is trivial over Wn and thus it is Q-linearly equivalent to the pullback of
a Q-divisor on Wn. Because dimWn < dimZn, we get a contradiction.
ThereforeD−t(ǫnE−τnA) is not big for any rational number 0 ≤ t ≤ 1.
For this n, we put ǫ = ǫn and τ = τn in the rest of the proof. Since
KX+∆−t(ǫ∆
′′−τπ∗A) ∼Q π
∗
(
D−t(ǫE−τA)
)
, KX+∆−t(ǫ∆
′′−τπ∗A)
is also pseudo-effective for any 0 ≤ t ≤ 1.
Step 4. We set
E˜ = E −
τ
ǫ
A and ∆˜ = ∆′′ −
τ
ǫ
π∗A ∼Q π
∗E˜.
Note that E˜ and ∆˜ may not be effective. We see that D−tE˜ is pseudo-
effective for any 0 ≤ t ≤ ǫ because D− tE˜ = D−(t/ǫ)(ǫE−τA). Since
KX +∆− t∆˜ ∼Q π
∗(D− tE˜), KX +∆− t∆˜ is also pseudo-effective for
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any 0 ≤ t ≤ ǫ. Moreover, for any 0 ≤ t ≤ ǫ, (X,∆ − t∆˜) is lc. To see
this, recall that 0 < τ ≤ 1, which is mentioned in Step 1. So we have
0 ≤ tτ/ǫ ≤ 1 for any 0 ≤ t ≤ ǫ. We also recall that (X,∆+ π∗A) is lc.
Since ∆− t∆˜ = ∆ − t∆′′ + (tτ/ǫ)π∗A, the pair (X,∆− t∆˜) is indeed
lc for any 0 ≤ t ≤ ǫ.
Step 5. From this step we use the same arguments as in the proof of
Proposition 5.1. We only write down the outline of the proof.
Fix a strictly decreasing infinite sequence of rational numbers {an}n≥1
such that 0 < an < ǫ for any n and limn→∞an = 0. With the divisors
D and E˜, we carry out the same arguments as in Step 1 in the proof
of Proposition 5.1. When we apply the arguments of Step 2 in the
proof of Proposition 5.1, a minor change is needed. More precisely,
we need to carry out the arguments with the effective part of ∆˜. But
we can eventually obtain the same result, that is, (Xn,∆Xn) is lc for
infinitely many indices n. By the same arguments as in Step 3 in the
proof of Proposition 5.1, replacing {an}n≥1 with its subsequence, we
get a strictly decreasing infinite sequence {an}n≥1 of positive rational
numbers such that
(i) an < ǫ for any n and limn→∞an = 0, and
(ii) for any n ≥ 1, there is a diagram
(
X,∆− an∆˜
)
pi

φn
//❴❴❴
(
Xn,∆Xn − an∆˜Xn
)
pin

Z //❴❴❴❴❴❴❴❴❴❴❴ Zn
such that
(ii-a) Xn and Zn are Q-factorial, (Xn,∆Xn) is lc, (Xn, 0) is klt
and πn is a projective surjective morphism with connected
fibers,
(ii-b) KXn +∆Xn ∼Q π
∗
nDZn and ∆˜Xn ∼Q π
∗
nE˜Zn , and
(ii-c) φn is a sequence of finitely many steps of the (KX + ∆ −
an∆˜)-MMP to a good minimal model (Xn,∆Xn − an∆˜Xn).
Now we carry out the argument as in the latter part of Step 3 in the
proof of Proposition 5.1 with (X,∆) and ∆˜ instead of (X,∆) and ∆′′.
Then we see that we can assume
(ii-d) Xi and Xj are isomorphic in codimension one for any i and j.
Moreover, as in the last part of Step 3 in the proof of Proposition 5.1,
we see that DZn − (an − δ)E˜Zn is not big for any sufficiently small
rational number δ > 0.
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Step 6. Finally we complete the proof by using the same arguments
as in Step 4 and Step 5 in the proof of Proposition 5.1. To carry out,
we only check that every lc center of (X1,∆X1 − t∆˜X1) dominates Z1
for any 0 < t ≤ a1. Once we can check this, we see that (X1,∆X1)
has a good minimal model by the same arguments as in Step 5 in the
proof of Proposition 5.1, and thus (X,∆) has a weak lc model with
semi-ample log canonical divisor by the same arguments as in Step 4
in the proof of Proposition 5.1.
For any 0 < t ≤ a1, every lc center of (X1,∆X1 − t∆˜X1) is also an
lc center of (X1,∆X1 − a1∆˜X1) because (X1,∆X1) is lc. Therefore we
may check the condition only when t = a1.
Recall again that τ is a rational number such that 0 < τ ≤ 1. Since
a1 < ǫ, we have a1τ/ǫ < 1. Since (X,∆+ π
∗A) is lc and
∆− a1∆˜ = ∆− a1∆
′′ + (a1τ/ǫ)π
∗A ≤ ∆+ π∗A,
every lc center of (X,∆ − a1∆˜) is an lc center of (X,∆ + π
∗A), and
moreover it is also an lc center of (X,∆−∆′′). Since any lc center of
(X,∆−∆′′) dominates Z by the condition (iii) of Lemma 2.10, we see
that any lc center of (X,∆− a1∆˜) dominates Z. Since φ is a sequence
of finitely many steps of the (KX + ∆ − a1∆˜)-MMP, any lc center of
(X1,∆X1 − a1∆˜X1) dominates Z1. Thus we complete the proof.

Finally we prove Theorem 1.2 in Case 3. As we state in Proposition
5.4 below, we can in fact prove the case with assumptions weaker than
Proposition 5.1 or Proposition 5.3, i.e., we can prove the case without
assuming the existence of a good minimal model or a Mori fiber space
for all d0-dimensional projective Kawamata log terminal pairs with
boundary Q-divisors.
Proposition 5.4. Fix a positive integer d0. Assume Theorem 1.2 for
d0 − 1, and assume the existence of a good minimal model or a Mori
fiber space for all d-dimensional projective Kawamata log terminal pairs
with boundary Q-divisors such that d ≤ d0 − 1.
Let π : (X,∆)→ Z be as in Theorem 1.2 satisfying all conditions of
Lemma 4.3. Let D be as in the condition (iii) of Lemma 4.3.
If D is big, then (X,∆) has a good minimal model.
Proof. Let E be as in the condition (iii) of Lemma 4.3, that is, an
effective Q-divisor such that ∆′′ ∼Q π
∗E. We may assume that E 6= 0
because otherwise the proposition follows from Proposition 4.2. Fix a
sufficiently small positive rational number e < 1 such that D − eE is
big. We prove the proposition with several steps.
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Step 1. First we note that the arguments of the proof of Proposition
5.1 work with some minor changes by using Proposition 4.2 (cf. Remark
5.2). Therefore we only have to prove that there is a good minimal
model of (X,∆) under the assumption that D− aE and D− (a− u)E
are semi-ample, where 0 < a < e and 0 < u≪ a are rational numbers.
Note that D − aE is big since a < e.
Pick a sufficiently large and divisible positive integer m such that
a/(m + 1) < u and 1/m < u. Fix A ∼Q m(D − aE) a general semi-
ample Q-divisor. Then A is big and we have
A+ E ∼Q m(D − aE) + E = m
(
D −
(
a−
1
m
)
E
)
and
D + A ∼Q D +m(D − aE) = (m+ 1)
(
D −
(
a−
a
m+ 1
)
E
)
.
Since 0 < a/(m+ 1) < u, 0 < 1/m < u and D− aE and D− (a− u)E
are semi-ample, we see that A + E and D + A are semi-ample. By
Lemma 3.5, there is a sequence of birational maps of the D-MMP with
scaling of A
(Z = Z0, λ0) 99K · · · 99K (Zi, λi) 99K · · ·
such that limi→∞λi = 0.
First we prove existence of a log minimal model of (X,∆). Take a dlt
blow-up f : (Y,Γ) → (X,∆). Then we only have to prove that (Y,Γ)
has a log minimal model. Set g0 = π ◦ f : Y → Z and A
′ = g∗0A. By
construction we have KY +Γ ∼Q g
∗
0D. Since A is a general semi-ample
divisor on Z, we may assume that (Y,Γ+A′) is also dlt. Set G = f ∗∆′′.
By Lemma 3.6, we have the following diagram
(Y = Y0,Γ = Γ0)
g0

//❴❴ · · · //❴❴ (Yk1,ΓYk1 )
g1

//❴❴ · · · //❴❴ (Yki,ΓYki )
gi

//❴❴ · · ·
(Z0, λ0) //❴❴❴❴❴❴❴❴ (Z1, λ1) //❴❴❴❴❴❴ (Zi, λi) //❴❴ · · ·
such that
(i) the upper horizontal sequence of birational maps is a sequence
of the (KY + Γ)-MMP with scaling of A
′,
(ii) if we set k0 = 0 and
λ′j = inf{µ ∈ R≥0 |KYj + ΓYj + µA
′
Yj
is nef},
then λ′j = λi for any i ≥ 0 and ki ≤ j < ki+1, and
(iii) KYki + ΓYki ∼Q g
∗
iDZi and GYki ∼Q g
∗
iEZi.
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Step 2. In this step and the next step, we prove that the (KY + Γ)-
MMP with scaling of A′ terminates.
Let C be any curve on Yj contracted by the extremal contraction
associated to Yj 99K Yj+1. In this step we prove that C ⊂ SuppGYj . If
we can check this, we may prove that the above (KY +Γ)-MMP occurs
eventually disjoint from SuppG.
By the definition of the log MMP with scaling, C · (KYj + ΓYj) < 0
and C · (KYj + ΓYj + λ
′
jA
′
Yj
) = 0. Therefore (C · A′Yj ) > 0. We also
have A′ ∼Q m(KY + Γ− aG) by the definition of A. Then
a(C · GYj ) = C · (KYj + ΓYj )−
1
m
(C · A′Yj) < 0.
Since a > 0 and GYj is effective, we see that C ⊂ SuppGYj .
Step 3. We apply the standard arguments of the special termination
(cf. [F1]). Note that SuppG ⊂ Supp xΓy. By replacing (Y,Γ) with
(Yki,ΓYki ) for some i ≫ 0, we may assume that the (KY + Γ)-MMP
contains only flips and flipping locus on each flip contains no lc centers.
Let S ⊂ SuppG be an lc center of (Y,Γ) and let Sj be the birational
transform of S on Yj. We define Q-divisors ΓSj by the adjunction
(KYj +ΓYj)|Sj = KSj +ΓSj . Then (Sj,ΓSj ) is dlt. By induction on the
dimension of S we show that for any j ≫ 0 the induced birational map
φj : (Sj,ΓSj ) 99K (Sj+1,ΓSj+1) is an isomorphism. By the argument as
in [F1], for any j ≫ 0, Sj and Sj+1 are isomorphic in codimension one
and φj∗(KSj +ΓSj) = KSj+1 +ΓSj+1. By replacing (Y,Γ) with (Yki,Γki)
for some i ≫ 0, we may assume that Sj satisfies the above properties
for any j ≥ 0. Let (T,Θ) → (S,ΓS) be a dlt blow-up and A
′′ be the
pullback of A′. By replacing A′′ if necessary, we may assume that A′′
is effective and (T,Θ + A′′) is dlt. Set T 00 = T and ΘT 00 = Θ. By the
same arguments as in the proof of Lemma 3.6 (see also [F1]), we get
the following diagram
(T 00 ,ΘT 00 )

//❴❴ · · · //❴❴ (T ji ,ΘT ji
) //❴❴ · · · //❴❴ (T lii = T
0
i+1,ΘT 0i+1)

//❴❴ · · ·
(Y,Γ, λ′0) //❴❴❴❴❴❴❴ · · · //❴❴❴❴❴❴❴ (Yi+1,ΓYi+1, λ
′
i+1) //❴❴ · · ·
such that
(i) the upper horizontal sequence of birational maps is a sequence
of steps of the (KT +Θ)-MMP with scaling A
′′, and
(ii) the morphism T 0i → Yi is the composition of a dlt blow-up of
(Si,ΓSi) and the inclusion Si →֒ Yi.
By construction, we also have the following property.
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(iii) If we set
λji = inf{µ ∈ R≥0 |KT ji
+Θ
T
j
i
+ µA′′
T
j
i
is nef, 0 ≤ j < li},
then λ0i ≤ λ
′
i.
Note that we may have λ0i < λ
′
i because the morphism T
0
i → Yi is not
surjective. If λ0i < λ
′
i, then we have T
0
i ≃ T
1
i ≃ · · · ≃ T
li
i = T
0
i+1 by
construction.
By (iii) of the above properties, KT 0i +ΘT 0i +λ
0
iA
′′
T 0i
is pseudo-effective.
Then KT +Θ + λ
0
iA
′′ is also pseudo-effective. Since limi→∞λ
′
i = 0, we
see that KT + Θ is pseudo-effective. Now consider the composition of
morphisms T → S →֒ Y → Z, which we denote h : T → Z. Recall that
S ⊂ SuppG and that g0(SuppG) ( Z. Let ZT be the normalization
of h(T ). Then KT + Θ ∼Q, ZT 0 because KY + ΓY ∼Q, Z 0. Moreover
dimZT < dimZ by construction. Since we assume Theorem 1.2 for
d0 − 1, applying the hypothesis to (T,Θ) → ZT , we see that (T,Θ)
has a good minimal model. Then the above (KT + Θ)-MMP with
scaling terminates by [B2, Theorem 4.1 (iii)] because limi→∞λ
′
i = 0.
Therefore the induced birational map φj : (Sj,ΓSj ) 99K (Sj+1,ΓSj+1) is
an isomorphism for any j ≫ 0. Then, by the argument of the special
termination (cf. [F1]), we see that the (KY + Γ)-MMP with scaling
occurs eventually disjoint from SuppG. In this way we see that the
(KY +Γ)-MMP with scaling of A
′ constructed in Step 1 must terminate.
Step 4. Finally we prove that (X,∆) has a good minimal model. By
Step 3, the D-MMP with scaling of A constructed in Step 1 terminates
(cf. Lemma 3.6). By Lemma 3.6, we have the following diagram
(X,∆)
pi

//❴❴❴ · · · //❴❴❴ (Xki ,∆Xki )
pii

(Z, λ0) //❴❴❴ · · · //❴❴❴ (Zi, λi = 0)
such that (Xki,∆Xki ) is a log minimal model of (X,∆). We note that
KXki +∆Xki ∼Q π
∗
iDZi and DZi is big. Then KXki +∆Xki is semi-ample
by Lemma 5.5 below. So we are done.

Lemma 5.5. Fix a positive integer d0. Assume Theorem 1.2 for d0−1,
and assume the existence of a good minimal model or a Mori fiber
space for all d-dimensional projective Kawamata log terminal pairs with
boundary Q-divisors such that d ≤ d0 − 1.
Let π : X → Z be a projective surjective morphism of a normal
projective varieties such that dimZ ≤ d0, and (X,∆) be a log canonical
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pair such that ∆ is a Q-divisor. Suppose that KX + ∆ is nef and
KX +∆ ∼Q π
∗D for a big Q-Cartier Q-divisor D on Z.
Then KX +∆ is semi-ample.
Proof. By taking a dlt blow-up, we can assume (X,∆) is Q-factorial
dlt. We show KX +∆ is nef and log abundant. Indeed, KX +∆ is nef
and abundant since it is Q-linearly equivalent to the pullback of a nef
and big Q-divisor on Z. Let T be any lc center of (X,∆) and define
∆T by the adjunction (KX+∆)|T = KT +∆T . Then (T,∆T ) is dlt and
KT +∆T is nef. Let ZT be the normalization of the image of T on Z.
If dimZT < dimZ, by Theorem 1.2 for d0− 1, we see that KT +∆T is
semi-ample. In particular it is nef and abundant. On the other hand, if
dimZT = dimZ, it is easy to see that KT +∆T is Q-linearly equivalent
to the pullback of nef and big Q-divisor on ZT . Therefore it is nef and
abundant. Thus we see that KX + ∆ is nef and log abundant. Then
KX +∆ is semi-ample by [FG2, Theorem 4.12]. So we are done. 
6. Proof of other results
In this section we prove Theorem 1.3 and Corollary 1.4.
Theorem 6.1. Let π : X → Z be a projective surjective morphism of
normal projective varieties and let (X,∆) be a log canonical pair such
that ∆ is a Q-divisor. Suppose that KX +∆ ∼Q π
∗D for a Q-Cartier
Q-divisor D on Z.
If dimZ ≤ 3 or dimZ = 4 and D is big, then (X,∆) has a good
minimal model or a Mori fiber space.
Proof. By the same arguments as in the proof of Lemma 4.3, we can
assume that π : (X,∆)→ Z satisfies all the conditions of Lemma 4.3.
Note that bigness of D still holds after the process. Since the log MMP
and the abundance conjecture hold for all log canonical threefolds, the
theorem follows from Theorem 1.2 and Proposition 5.4. 
Proof of Theorem 1.3. Let f : X 99K W be the Iitaka fibration. Tak-
ing an appropriate resolution of X if necessary, we may in particular
assume that X is Q-factorial, (X, 0) is klt and f is a morphism. By [K,
Theorem 2] (see also [AK, Theorem 0.3]), we can in particular assume
that W is smooth and all fibers have the same dimension (cf. [HX,
Theorem 2.1]). By construction, there is an effective Q-divisor E such
that KX + ∆ ∼Q E. Then we can write E = E
h + Ev, where every
component of Eh dominates W and Ev is vertical. Since all fibers of f
have the same dimension, the image of any component of Ev on W is
a divisor. Then we can consider
µB = sup{µ |E
v − µf ∗B is effective}
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for any prime divisor B on W . Then it is easy to see that µB is a
rational number for any B and there are only finitely many divisors B
such that µB > 0. Set
B′ =
∑
B
µBB and E
′ = Ev − f ∗B′.
Then KX +∆ ∼Q,W E
h+E ′ and E ′ is effective. Moreover we see that
E ′ is very exceptional over W (cf. [B2, Definition 3.1]).
We run the (KX+∆)-MMP over W with scaling of an ample divisor
X = X0 99K X1 99K · · · 99K Xi 99K · · · .
Let fi : Xi → W be the induced morphism and let Fi be the general
fiber of fi. Recall that (F,∆F ) has a good minimal model by the
hypothesis. Since κ
(
Fi, (KXi +∆Xi)|Fi
)
= 0, we have
(KXi +∆Xi)|Fi ∼Q EXi |Fi ∼Q (E
h
Xi
+ E ′Xi)|Fi ∼Q 0
for any i ≫ 0. Therefore EhXi + E
′
Xi
is vertical and thus we have
KXi + ∆Xi ∼Q,W E
′
Xi
. We note that E ′Xi is very exceptional over W
because the (KX +∆)-MMP occurs only in Supp (E
h+E ′). Moreover
KXi + ∆Xi ∼Q,W E
′
Xi
is the limit of movable divisors over W for any
i≫ 0. Then E ′Xi = 0 by [B2, Lemma 3.3]. ThereforeKXi+∆Xi ∼Q,W 0
for some i. Let D be a Q-divisor on W such that KXi +∆Xi ∼Q f
∗
i D.
Then D is big since κ(W,D) = κ(Xi, KXi +∆Xi) = dimW .
If (X,∆) is klt, then (Xi,∆Xi) is also klt and (Xi,∆Xi) has a good
minimal model by Proposition 4.2. Note that W is in particular Q-
factorial from our assumption. On the other hand, if κ(X,KX+∆) ≤ 4,
then dimW ≤ 4 and therefore (Xi,∆Xi) has a good minimal model by
Theorem 6.1.
Therefore we see that (X,∆) has a good minimal model. 
Proof of Corollary 1.4. Since (X,∆) is not of log general type, we have
κ(X,KX + ∆) ≤ 4. We take the Iitaka fibration f : X 99K W , and
taking a resolution we can assume that f is a morphism. We can
assume κ(X,KX +∆) > 0 because otherwise the statement is obvious.
Suppose that κ(X,KX+∆) = 1. In general, there is a Q-divisor B on
W and a positive integer m such that R
(
X,m(KX+∆)
)
≃ R(W,mB)
(cf. [FM]). Since W is a smooth curve, R(W,mB) is finitely generated.
Then R
(
X,m(KX +∆)
)
is finitely generated, and thus R(X,KX +∆)
is finitely generated.
Suppose that κ(X,KX + ∆) ≥ 2. Let F be the general fiber of
the Iitaka fibration and let (F,∆F ) be the restriction of (X,∆). Then
(F,∆F ) is lc and dimF ≤ 3 by construction, and thus (F,∆F
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a good minimal model. Then (X,∆) has a good minimal model by
Theorem 1.3. Thus R(X,KX +∆) is finitely generated. 
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